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Abstract
This technical report contains additional material to the paper
”Nonlinear moving horizon estimation in the presence of bounded disturbances”
by M. A. Mu¨ller, in Automatica, 2017, 79, 306–314, DOI: 10.1016/j.automatica.2017.01.033,
in particular the proofs of Lemma 7 and Theorem 17. References and labels in this technical report (in particular
Equation labels (1)–(33), references [1]–[20], and all theorem numbers etc.) refer to those in that paper.
I. PROOF OF LEMMA 7
In the proof of Lemma 7, we will make use of the following properties, which hold for all α ∈ K, all β ∈ KL,
and all ai ∈ R≥0 with i ∈ I[1,n] (for a proof, see, e.g., [15, Appendix A]):
α(a1 + · · ·+ an) ≤ α(na1) + · · ·+ α(nan) (34)
β(a1 + · · ·+ an, t) ≤ β(na1, t) + · · ·+ β(nan, t) (35)
Now consider a moving horizon estimator with some arbitrary (but fixed) estimation horizon N ∈ I≥1. Since∑t−1
i=t−N `(ω(i|t), ν(i|t)) ≥ maxi∈I[t−N,t−1] `(ω(i|t), ν(i|t)), it follows from Assumptions 4–5 that for each t ∈ I≥N ,
the optimal value function J0N (t) := JN (xˆ(t−N |t), wˆ(t)) of problem (2)–(3) is lower bounded for all i ∈ I[t−N,t−1]
by1
J0N (t) ≥ δ1γp(|xˆ(t−N |t)− xˆ(t−N)|) + (δ + δ2)(γw(|wˆ(i|t)|) + γv(|vˆ(i|t)|)). (36)
Furthermore, since we have
∑t−1
i=t−N `(ω(i|t), ν(i|t)) ≤ N maxi∈I[t−N,t−1] `(ω(i|t), ν(i|t)), again by Assumptions 4
and 5 and due to optimality we conclude that for each t ∈ I≥N , J0N (t) is upper bounded by
J0N (t) ≤ JN (x(t−N), {w(t−N), . . . , w(t− 1)})
≤ δ1γp(|x(t−N)− xˆ(t−N)|) + (δ +Nδ2)(γw(‖w‖[t−N,t−1]) + γv(‖v‖[t−N,t−1]))
≤ δ1γp(|x(t−N)− xˆ(t−N)|) + (δ +Nδ2)(γw(‖w‖) + γv(‖v‖)). (37)
Combining (36) with (37), we obtain that for all t ∈ I≥N and all i ∈ I[t−N,t−1]
|wˆ(i|t)|
(36)
≤ γ−1
w
(J0N (t)/(δ + δ2))
(37)
≤ γ−1
w
((
δ1γp(|x(t−N)− xˆ(t−N)|) + (δ +Nδ2)(γw(‖w‖) + γv(‖v‖))
)
/(δ + δ2)
)
(34)
≤ γ−1
w
((
3δ1γp(|x(t−N)− xˆ(t−N)|)
)
/(δ + δ2)
)
+ γ−1
w
(
3(δ +Nδ2)γw(‖w‖)
δ + δ2
)
+ γ−1
w
(
3(δ +Nδ2)γv(‖v‖)
δ + δ2
)
. (38)
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1To see that this is true for t = N , note that xˆ(0) = x¯0.
2An analogous upper bound can be obtained for |vˆ(i|t)|, where γ−1
w
in all three terms on the right hand side of (38)
is replaced by γ−1
v
. Finally, again from (36) and (37), we obtain that for all t ∈ I≥N
|xˆ(t−N |t)− xˆ(t−N)|
(36)
≤ γ−1
p
(J0N (t)/δ1)
(37)
≤ γ−1
p
(
γp(|x(t−N)− xˆ(t−N)|) + (δ +Nδ2)(γw(‖w‖) + γv(‖v‖))/δ1
)
(34)
≤ γ−1
p
(3γp(|x(t−N)− xˆ(t−N)|)) + γ−1p (3(δ +Nδ2)γw(‖w‖)/δ1) + γ−1p (3(δ +Nδ2)γv(‖v‖)/δ1) (39)
Next, consider some time t ∈ I≥N . We now apply the i-IOSS property (5) with x1 = x(t−N), x2 = xˆ(t−N |t),
w1 = {w(t − N), . . . , w(t − 1)}, w2 = {wˆ(t − N |t), . . . , wˆ(t − 1|t)}, and τ = N . Since x(t) = x(N ;x1,w1),
xˆ(t) = xˆ(t|t) = x(N ;x2,w2), and h(x(i)) = y(i)− v(i) as well as h(xˆ(i|t)) = y(i)− vˆ(i|t) for all i ∈ I[t−N,t−1],
from (5) we obtain
|x(t)− xˆ(t)| ≤ β(|x1 − x2|, N) + γ1(‖w1 −w2‖[0,N−1]) + γ2(‖hw1(x)− hw2(x)‖[0,N−1])
= β(|x(t−N)− xˆ(t−N |t)|, N) + γ1( sup
i∈I[t−N,t−1]
|w(i)− wˆ(i|t)|) + γ2( sup
i∈I[t−N,t−1]
|v(i)− vˆ(i|t)|).
(40)
The three terms on the right hand side of (40) can be upper bounded as follows. For the first term, we obtain
β(|x(t−N)− xˆ(t−N |t)|, N)
≤ β(|x(t−N)− xˆ(t−N)|+ |xˆ(t−N |t)− xˆ(t−N)|, N)
(35)
≤ β(2|x(t−N)− xˆ(t−N)|, N) + β(2|xˆ(t−N |t)− xˆ(t−N)|, N)
(39),(35)
≤ β(2|x(t−N)− xˆ(t−N)|, N) + β(6γ−1
p
(3γp(|x(t−N)− xˆ(t−N)|)), N)
+ β(6γ−1
p
(3(δ +Nδ2)γw(‖w‖)/δ1), N) + β(6γ−1p (3(δ +Nδ2)γv(‖v‖)/δ1), N) (41)
(6),(10)
≤ cβ2p|x(t−N)− xˆ(t−N)|pΨ(N) + cβ6p(3cp/cp)p/a|x(t−N)− xˆ(t−N)|pΨ(N)
+ cβ6
p(3/cp)
p/aγw(‖w‖)p/a((δ +Nδ2)/δ1)p/aΨ(N) + cβ6p((3/cp)p/aγv(‖v‖)p/a((δ +Nδ2)/δ1)p/aΨ(N)
(42)
For the second term on the right hand side of (40), we obtain
γ1( sup
i∈I[t−N,t−1]
|w(i)− wˆ(i|t)|) ≤ γ1(‖w‖+ sup
i∈I[t−N,t−1]
|wˆ(i|t)|)
(38),(34)
≤ γ1
(
4γ−1
w
(
3δ1γp(|x(t−N)− xˆ(t−N)|)
δ + δ2
))
+ γ1(4γ
−1
w
(3(δ +Nδ2)γv(‖v‖)/(δ + δ2))) + γ1(4‖w‖) + γ1(4γ−1w (3(δ +Nδ2)γw(‖w‖)/(δ + δ2)))
(10),(8)
≤ c1(3cp)α1(δ1/(δ + δ2))α1 |x(t−N)− xˆ(t−N)|aα1
+ c1(3(δ +Nδ2)γv(‖v‖)/(δ + δ2))α1 + γ1(4‖w‖) + c1(3(δ +Nδ2)γw(‖w‖)/(δ + δ2))α1 (43)
Analogously, for the third term on the right hand side of (40), we obtain
γ2( sup
i∈I[t−N,t−1]
|v(i)− vˆ(i|t)|)
≤ γ2
(
4γ−1
v
(
3δ1γp(|x(t−N)− xˆ(t−N)|)
δ + δ2
))
+ γ2(4γ
−1
v
(3(δ +Nδ2)γw(‖w‖)/(δ + δ2))) + γ2(4‖v‖) + γ2(4γ−1v (3(δ +Nδ2)γv(‖v‖)/(δ + δ2)))
(10),(8)
≤ c2(3cp)α2(δ1/(δ + δ2))α2 |x(t−N)− xˆ(t−N)|aα2
+ c2(3(δ +Nδ2)γw(‖w‖)/(δ + δ2))α2 + γ2(4‖v‖) + c2(3(δ +Nδ2)γv(‖v‖)/(δ + δ2))α2 (44)
Inserting (42)–(44) into (40) results in (12) with βˆ, ϕˆw, and ϕˆv as defined in (13)–(15), which completes the
proof of Lemma 7. 
3II. PROOF OF THEOREM 17
The proof of Theorem 17 proceeds similarly to the one of Theorem 14. Applying again Lemma 7 with Ψ(s),
δ1, δ2, and δ as in the theorem statement and exploiting the fact that κ−p/aq ≤ 1, it follows that (16) holds for all
t ∈ I≥N with ϕw and ϕv given by (29)–(30) and β defined by
β(r,N) := cβ(2
p + 6p(3cp/cp)
p/a)rpqN
+ c1(3cp)
α1raα1Nα1κα1N + c2(3cp)
α2raα2Nα2κα2N . (45)
for all r ≥ 0 and all N ∈ I≥1. Since κ ≤ 1/e, it follows that both Nα1κα1N and Nα2κα2N are decreasing in N
for N ∈ I≥1. Hence also β(r,N) is decreasing in N for N ∈ I≥1 and fixed r > 0. But this means that for N = 0,
we can again extend β arbitrarily such that β ∈ KL and β(r, 0) ≥ r for all r ≥ 0.
Now fix µ > 0 and let rmax(N) := max{(1/2)(β(emax, 0) + ϕw(wmax) + ϕv(vmax)), (1 + µ)(ϕw(wmax) +
ϕv(vmax))}. As in the proof of Theorem 14, we have rmax(N) = O(Nα) with α = max{α1, α2}. But then, since
limN→∞N ε1εN2 = 0 for all ε1 ≥ 0 and all 0 ≤ ε2 < 1, it follows that for each αˆ satisfying max{q, κα1 , κα2} <
αˆ < 1, there exists N0 ∈ I≥1 such that for all N ∈ I≥N0 the following three conditions are satisfied:
3cβ(2
p + 6p(3cp/cp)
p/a)2prmax(N)
p−1qN ≤ αˆN
3c1(3cp)
α12aα1rmax(N)
aα1−1Nα1κα1N ≤ αˆN
3c2(3cp)
α22aα2rmax(N)
aα2−1Nα2κα2N ≤ αˆN (46)
Then, for all N ∈ I≥N0 and for all 0 ≤ r ≤ rmax(N), it follows that β(2r,N) ≤ rαˆN ≤ rαˆN−N0 . From here, we
can proceed as in the proof of Theorem 9, replacing (N/N0)−αˆ by αˆN−N0 at the respective places. 
